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Chapter 1

* Bayesian inference : Principles (p. 4)
* Markov-chain Monte-Carlo (p. 20)
* Model selection (p. 44)



Bayesian inference : Principles



Bayesian inference
Differences from classic approach :

* Model parameters (random vs fixed)
* Finite sample vs asymptotic theory

* Statistical interpretation (subjective vs objective)



Historical consideration
From effects to causes

» Consider two non-independent events : A and B

* From basic axiom of probabillity :

and  P(BIA) = 7

P(B|A)P(A) e

P(B)

P(A, B)
P(B)

P(A|B) =

Bayes' rule: P(A[B) =

What is the probability of observing A if B has occurred ?



Generalization

Prior
* Multiple events : v Distributior
_ P(B|A:)P(A)

/ ~_ Normalizing
Posterior constant /
Distribution Marginal

likelihood

k
Normalizing constant : P(B) = Z P(B|A;)P(A;)
j=1

» Continuous case : Sum becomes an integral.



From effects to causes : Examples

Urn 1 Urn 2

One draw : A black ball
What is the probability that the ball comes from urn1?

Prior distribution  P(U;) = P(U3) =0,5
P(B|U1)P(Uy)

Post distribution P(U1|B) = P(B|U,)P(Uy) + P(B|U3)P(Us)
PU{|B) = 0.6



From effects to causes : Examples

Unwin, S. D., 'The probability of God : A simple
Calculation that proves the ultimate truth’, 2004

* A priori, God may or may not exist : P(G exists) = 0,5
* Observations : Miracles, Wars, Sins, ...

P(B|G exists)P(G exists)

P ists|B) =
(6 exists|B) P(B|G exists) P(G exists) + P(B|G not exist) P(G not exist)

Conclusion... You should bet the Lord exists



Principles of Bayesian inference

* Any unobserved value is random since we shall do a
probabilistic statement on it.

» Distributions on model parameters (prior to observing data)

* Data supposedly generated by the model contain
information about the parameters.

» Likelihood principle

* Through Bayes theorem, the parameter distribution is
updated.

» Posterior distribution of the parameters
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Statistical Example

* The model : * Observations :
Yt :9—|—€t Yl:T — {yla“'vyT},
e; ~ ii.d. N(0,1)
* Prior distribution : e Posterior distribution :
QNN(MO,?’Lal) Q‘leTNN(M*aO*)
T
g [ o= e — 2i=1 Yt T Mok
g L ng ' =100 T+ no

o" = (T + ’I’Lo)_l
Prior beliefs

Based on another set of observations
* Reflects the uncertainty on the parameter
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Calculus

f(Y1:7|0) f(6)
f(Yl:T)
o< f(Y1.7|0)f(0)

Likelihood function: f(Y1.7|0) = (27r)_%e_0’523:1(yt_9)2

Bayes' rule: w(0|Y1.7) =

Prior distribution : f(0) =

The posterior must be a proper distribution :
insured by the normalizing constant

> We can drop all the terms that do not depend on 0
and see if the posterior kernel comes from a known distribution



Calculus

Posterior kernel :
T(0]Y1ir) 6—0,5[n0(9—u0)2+2f21(yt—9)2)]

6—0,5[6’2(T—I—no)—29(nouo+th:1 yt)]

X e 20 %

X

The posterior kernel is a normal one with

T
x Zt:1 Yt + Nollo
T 4+ ng

oF = (T —I—no)_l

L4
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Discussion

If T"— oo, E(Q‘YlT) — 1, V(Q‘YlT) — 0

Data increasingly dominate the prior information.

If ng=0and up=20
Same estimator as in the classical approach.
* Bayesian inference provides an entire distribution

only based on the observed data.
* Delivers different statistical interpretations.
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Summarizing the posterior

*Posterior means and standard deviations
E(Q‘YLT) :/ QW(Q‘YlT)dQ

— OO

V(0|Y1.1) = /_OO (0 — E(0|Y1.7))*m(0|Y1.7)db

*Credible intervals

*Posterior Covariance matrix

* Quantiles and graphics of the marginal
distributions of the parameters
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Criteria for statistical procedure

* Properties (Consistency, efficiency,...) from hypothetical
repeated samples/ large sample.

* Only based on the observed sample used "coherently’
through the likelihood principle.

Bayesian Classical

Caution :
* Some Bayesian state that Bayesian inference is 'exact’ in

finite sample
~ » No meaning since what happens in repeated sample

is not relevant for Bayesian inference.

—» Based on very restrictive assumptions.
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Treatment of parameters

| * Fixed parameters in reality

Classical

* Random parameters in reality
* Fixed parameters but subjective probabilistic statement

Bayesian

Eases the interpretation :

95 7% Confidence interval covers the true value of the
parameter in nineteen out of twenty trials on average.

95 7 credible interval gives the region of the parameter
space where the probability of covering 6 is equal to 95.

Bayesian Classical

17



Bayesian learning

The posterior distribution as the prior distribution ?

f(Y1.7]0)f(0)
f(Y1.7)

S (Yip1.7|0)m(0]Y1:)
f(Yt—H:T‘ert)

New information makes update our belief

W(Q‘YLT) =

vV tell, T —1]

Core idea of Sequential Monte Carlo

* Teglas, E. et al., 'Pure Reasoning in 12-Month-Old Infants as
Probabilistic Inference'. 2011,

18



Medium Small

High

Complex Bayesian inference

What happens if the posterior distribution is not a
known parametric distribution ?

g * Deterministic integration

gl Direct sampling

©| ¢ Importance sampling

=

§ * Sequential Monte Carlo (SMC)

Q

El - Annealed importance Sampling (SMC sampler)
3| * Markov-chain Monte Carlo (MCMC)

é * Approximate Bayesian Computation (ABC)

©l < Variational Bayes methods
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Markov-chain Monte Carlo

20



Markov chain Monte Carlo

Posterior distribution :

1) Not a known parametric distribution.
2) Cannot sample directly from it.
3) Parameter dimension greater than 3.

MCMC principles :

21

1) Simulation of a Markov-chain exhibiting the posterior
distribution of interest as invariant one.

MCMC Outputs :

1) (Correlated) draws of the posterior distribution.
2) LLN theorem allows to approximate any deterministic
function of the posterior distribution.




Invariant distribution

Markov-chain :

* Characterizes by a number of reachable states (discrete or
continuous), a transition probability matrix (P), a probability
vector of being in the initial state.

* Chain that only depends on the current state for moving to
the next

S| —> SS9 — ... — SN

P

Moves according to the transition probability matrix P
Invariant distribution (q) : Independent from the initial state

Unchanged when
transformed by P

q/P:q/_>
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MC : Example

p2,1:075 D
~ T ,.f’{\\

p12=0,1
Transl‘rfon b 0.9 0.1
matrix : = \o.5 0.5
Invariant Distribution Ergodicity
/ / From any initial point, the MC converges
q P = q to the invariant distribution.
i pioo _ (0,833 0,167)  Based on 10000
- \0,833 0,167 simulated draws

¢ =0,8333 0,167 ¢ = 10,8332 0,1668]
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MCMC : Example

Inversion of the problem

Invariant Dist.: N 0 : 015 0’15 + Ergodicity

0

Invariant Distribution Ergodicity

« Direct sampling
* MCMC draws

-

4

”*
T, et
:0.,,' 0,{30‘

+

-
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MCMC

* Markov-chain exhibiting the posterior distribution as
invariant one :
Sufficient condition : W(Q‘YLT)K(Q* ‘9) — 7T(9* ‘YLT)K(Q‘Q*)

Reversibility condition - Detailed balance

* Markov-chain that is ergodic

—» From any initial point, the MC converges to the invariant distribution.

Sufficient condition )0 44 visit all sets A such that / m(0]Y1.7)dd > 0
Trreducible — from any starting point A

Aperiodic > Does not cycle through a finite number of sets
Positive Harris-recurrent

Beyond the scope of
the course.



Burn-in period

3
P
F
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MCMC : pros and cons

* MCMC outputs : correlated draws of the posterior.

For any m-integrable real valued functions h,

NZh —>/ w(0|Y1.7)d0 as N — oo, a.s.

* Posterior expectation: h(0) =0
« Posterior variance : h(0) = (0 — E(0|Y1.7))(0 — E(B|Y1.7))

. Rate of convergence :

* Ergodicity implies convergence from any initial point but after
how many iterations ?

Criteria : Geweke, Gelman and Rubin, Cusum plot, ...

* How many iterations after convergence ? Criterion : Autocorrelation time



MCMC :

Invariant Dist. : N((8> : (

|+ MCMC draws

T T
< Direct sampling

N [ ro s = _a ro o .
T T T T T T T

'
LI)"Im

After 10000 draws

Burn-in size

1 0,99 )
0, 99 1

L = ta o ~ = — . L =
T T T T T T T T

First 200 draws of the MCMC
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MCMC : Mixing problem

Invariant Dist. : N((8> , (O 399 0’?99))

, (1 £ i (] L = — (o 3y e
T T T T T T T T

28
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MCMC : Gibbs sampler

* Tterations on full conditional distributions

Inference on 0 = {0/ Y Dimension of blocks
can be higher than one

A‘ACMC‘ Initial state: {9?, 6’8 : 9;(3)}
iterations o

1 9% ™~ 91’Y1:T79899g 9% ™~ 92’Y1:T79]]:39g 9% N93‘Y1:T79:]l-79%

'//'—\ o — A

2 9% Ngl‘ylzTagéagé 9% NQQ‘leTaQ%agé 9?2, ™~ 93’Y1:T79%79%

Burn-in




Gibbs sampler : Example
* Auto-Regressive process (AR) : v, .. = {4, ...,y

Yt — 0o + 0 1Yt—1 T €¢ Prior distributions
— O,ZCt + €4 0 ~ N(MO, 20)
e ~iid. N(0,0%) o? ~ IG(w, B)

* Tterations on full conditional distributions

Prior component Likelihood

a— T

o —0'x 2
W(Q\Yl.T,JQ) ~ 6_0’5(9_”0)’201(9_“0)_0’52;‘;1 (ve=0'z¢)

™~ N(ﬁv Z)

A=S[0"2) zy + 55 o]
t=1

T
2 Z T:xy) + X
t=1

30
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Gibbs sampler : Example

* Auto-Regressive process (AR) :

Uy _ Q’xt + ¢ Prior distributions
2 0 ~ N(ND? ZO)
€ ~jid N(0,07%) o2 ~ IG(a, B)

* Tterations on full conditional distributions

m(0|Y1.r,0°) ~ N(i,X)

Prior component Likelihood

- —=

m(0?|Yir,0) o (02) 70 le P (o) T 2 i /2
T
~ IG(a+T/2,8+) €/2)
t=1

* If Z~I6(a,b) then 1/Z~G(a,1/b)



Gibbs sampler : Example

* AR(1) : 1000 Observations Prior distributions
ye = 0,440,Ty—1 + € 6 ~ N([0 0]',10015)
et ~iid N(0,2) o ~ 1G(2,2)

25| -
ol ; i
15- 1

1000 1500 20 2500 3000 300 2000 2500 3000 3500 500 1000 1500 2000 2500 3000 3500

: (QO‘Yl T) ~ O 36 E(Ql‘YLT) ~ 0,72 ( 2‘Y1 T) ~ 1 89

\\\\\\\\\
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Metropolis-Hastings

* Conditional posterior distributions : too restrictive

* Metropolis-Hastings :
1- Draw a proposal parameter from any chosen distribution

2- Accept or reject the draw according to a probability
which ensures that the invariant distribution of the MC is

the posterior distribution of interest.

33



Metropolis-Hastings

* Let q be the proposal distribution (e.g. Normal)
* How to determine the probability function ?

Sufficient condition: 7 (6|Y7.7) K (0™ |0) = w(0" |Y1.7) K (0|0™)
Let assume that 7 (0|Y1.7)q(0%0) > (0" |Y1.7)q(6|60™)

Move from @ — 0F too often

Move from O — @ too rarely

m(0|Y1.7)q(0%]0)a(0,0%) = m (6% |Y1.7)q(0]0%)

T

34

e oo (07 Y1r)q(010%) L ginceitisa
(07, 0) = min| 7(0]Y1.7)q(6%]0) 1 probability
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Metropolis-Hastings

e Tnitialize the MCMC
* At each MCMC iteration:

* Generate a candidate from the proposal distribution
0" ~ q(—10)

* Accept or reject the draw according to the probability

m(0*|Y1.7)q(0|0%)

P67, 0) = minl G 0@ 19)

71]

No need of the normalizing constant !

f(Y1.r|07) f(6%)q(0]67)
f(Y1.7]0)f(0)q(6+16)

¢(0",0) = min| 1]
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M-H : Comments

* If q is symmetric : Metropolis algorithm

v

gmmy:gmw)ﬂmwawﬁm:qmmf

(1Y1.7|0%) £(07)
f(Y1.7|0).f(0)

* Random Walk Metropolis : ¢(9*|0) ~ N(6,%)

?1]

e Independent M-H: ¢(0*]0) = ¢(6*) ~ N(6,X)

Caution: proposal dist : thicker tail than post dist.

* Gibbs sampler : ¢(6*|0) = 7(0”|Y1.7)

(0 |Yy.7)m(0]Yy.7)
(0Y1.7)w(0*Y1.7)
M-H can also be applied to multiple blocks

5(0%,0) = min|— A]=1 V6
70



M-H : Comments

* Most frequent : Random Walk Metropolis - ¢(60%|0) ~ N(0,%)
* How to choose the variance parameter ?

Hot topic in the literature

Too many similar parameter values :

If > too small —» Slow exploration of the support

Too many rejected values :

If > too big Slow exploration of the support

37



M-H : Comments

* Most frequent : Random Walk Metropolis - ¢(6%]0) ~ N(6,X)
* How to choose the variance parameter ?

Hot topic in the literature

If Posterior distribution = Multivariate Normal distribution

Optimal acceptance rate

Dimension 1 Dimension 5 Large Dimension

Accept. Rate = 44 % Accept. Rate = 28 % Accept. Rate = 23,4 %

38

Reference : Roberts, 6. O. & Rosenthal, J. S. ‘Optimal scaling for various
Metropolis-Hastings algorithms’, Statistical Science, 2001, 16, 351-367




M-H : Comments

* Most frequent : Random Walk Metropolis - ¢(6%]60) ~ N(6,X)
* How to choose the variance parameter ?

Common practice : Find the Optimal acceptance rate

{ Very demanding

* By trials and errors Model dependent

* By adaptive RW metropolis

Reference : Atchadé, Y. & Rosenthal, J. ‘On adaptive Markov chain Monte Carlo
algorithms ', Bernoulli, 2005, 11(5), 815-828

* At MCMC iteration /

z_]z' — Sz’—l + (¢f~_1 T ¢target)/(ic) if ZLow < iz < ZH?Lgh

With ¢'~! the acceptance rate at iteration /-1
0.0 <c<1

drarget The targeted acceptance rate
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MH sampler : Example
* GARCH process : Yi.7 = {y1, ---,yT}’

Yt — €4 Prior distributions
o = wHag1+PBo; | w~U(0,10) | o~ U(0,1)
et|Yie—1 ~iia. N(0,07) Bla~U(0,1 - «)

* Adaptive RW Metropolis with block of one dimension

DGP of the simulated time series

T = 3000 w=20.1 a=0.15 5 =0.8
Choice of the MCMC parameters

Cbtaﬂr'get = 0.44 c = 0.6 ZLow = le — 5 ZH'L’gh = 10
N = 10000 Burn-in = 3000



* GA

0.9
0.8
0.7

0.6r
0.5-
0.4r-

0.3r

| | | | | |
0O 1000 2000 3000 4000 5000 6000 7000
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MH sampler : Example

RCH process

T = 3000 w = 0.1 a = 0.15

Posterior draws of the adapted RW

B =0.8

 Acc. Rate :
G = G0 = @p = 0,44

* Post means :

E(w
FE(a
E(S

Yl:T) ~ (.11
Yl:T) ~ 0.15
Yl:T) ~ (.79



MCMC : limitations

* Difficult to assess if the MC has converged to the post. Dist.
* Difficult to assess how much MCMC draws are required.
* Difficult to infer on multi-modal posterior distributions :

RW Metropolis : Tump from the current MCMC parameter

— Unlikely to jump from one mode to another.

-
(@]

H» A N OO N A O ™
1 1T 71T 1T 1 71T 1

&

10
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Criteria

* Two popular Criteria :

Marginal likelihood

Intuitive criterion derived from Bayes' rule

Deviance Information Criterion (DIC)

Perfect when Marginal likelihood is out of reach

Spiegelhalter, D.; Best, D.; Carlin, B. & van der Linde, A. 'Bayesian measures of mode/
complexity and fit', Journal of Royal Statistical Society, Series B, 2002, 64, 583-639

» Focus on Marginal likelihood
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Marginal likelihood

* Marginal likelihood = Normalizing constant :

How to Choose between two models : M1 or M2 ?
Bayes' theorem

: !

f(Yi.r| M) f(My)
(Yr.7|My) f(My) + f(Yr.7|M2) f(Ma2)

W(MHYLT) — f

Choose M, if w(Mq|Y1.7) > w(Ms|Y1.7)
If no subjective idea over the two models : f(M;) = f(Ms) = 0.5

m(My|Y1.7) > w(M2|Yi.7) <:>f(y1:T\M1) > f(Y1.7| M)
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Marginal likelihood

* Multiple Models :
Bayes' theorem

. 1

f (Yo | M;) f(M;)
Sy F(Yir|M;) f(M;)
Choose M; that maximizes w(M,;|Y1.7) V 7 € [1, k]

m(M;|Y1.1) =

1
If no subjective idea over the different models: f(M;) = -

Choose M; that maximizes f(Y1.7|M,;) V 5 € [1,k]
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Bayesian Model Averaging (BMA)

* Multiple Models :
Bayes' theorem

. 1

f Y| M;) f (M)
S F(Yir| M) F(M;)
Instead of choosing one model, keep them all

m(M;|Y1.1) =

— Take into account the model uncertainty
Predictive density : 7(yr+1|Y1.7) = ZW(yT+1|Y1:T, M;)m(M;|Yi.7)
71=1

k
Point forecast : E(yri1|Yi.7) :Z /yT+17T yr+1 Y., Mj)dyr1|m(M;|Yi.7)
7=1
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Marginal likelihood
* Quantity of interest : f(Yi.7|M;)

* Local Formula :

Likelihood Prior

A A
( A/

F(Yir|0)f(0%)
SCHy

J

f(Y1.0|M;) = vV ©%such that 7(0*|Y1.7) > 0

Y
Posterior

* Ockham's razor :

Likelihood @ increases as long as the model complexity grows
Priorand  penalize the model complexity
Posterior
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Marginal likelihood

* Quantity of interest : f(Yi.7|M;)
f(Y1.7|M;) = Lf(Y1:T|Mja@)f(@|Mj)d@

If complex model with many parameters :
— Highly dimensional integration : difficult to compute.

Dimension < 3 Middle Dimension | High Dimension
* Numerical Integration |+ Bridge sampling * Path sampling
* Importance sampling * SMC sampler
* MCMC
* Variational Bayes
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Marginal likelihood by MCMC

* Quantity of interest : f(leT‘Mj)

F(Vior| M) = /Q F(Yir|M;, ©)£(0]M;)de

* Local Formula :

Likelihood Prior
A A

F (i@ 7(0")
T(O*|Y7, tl;)

Y

/
f(Yr.r|M;) =

V ©*such that 7(©*|Y1.7) > 0

\.

Posterior

The posterior density is the most tricky part.




Marginal likelihood by MCMC

* Local Formula :

Likelihood Prior
A A

(i@ F(e%)
m(O*|Y7. tl;)

Y

(

f(Y1.7|M;) = V ©*such that 7(©*|Y1.7)

\.

Posterior

* Marginal likelihood from Gibbs sampler :

Chib, S. ‘Marginal Likelihood from the Gibbs Output’,
Journal of the American Statistical Association, 1995, 90, 1313-1321

* Marginal likelihood from MH sampler :

Chib, S. & Jeliazkov, I. ‘Marginal Likelihood from the Metropolis-Hastings
Output’, Journal of the American Statistical Association, 2001, 96, 270-281

52
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Marginal likelihood : Example
* ML for AR processes : ¥y¢|Y1.t—1 ~ N(Q’xt,gz)

{W(QYLT’GZ) ~ N(g,X)
(0| Yir,0) ~ IG(a+T)2, 5+Z

iterations

S
R
D
S

Choose a high density point @ {6*, 02*}
1) Like"hOOd . f(leT‘e*a H \/27'(-0- _075(yt_9 *xt)2/0-2*

2) Prior: f(0°) ~ N(uo,%0)  f(0*) ~IG(a, B)
3) Posterior: (0%, 0% |Yi.r) = (0o |Yi.0)w (0% | V1.1, o)

NB : 7(0®|Yir) = [7(0®|Yir, 0)7(0|Yir)do ~ £ S w(a%|Yi.r, 07)
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Marginal likelihood : Example
* ML for AR processes: yi[Yi.u—1 ~ N(0'z,07)

DGP of the simulated time series

T = 2000 AR lags =6
* Log Marginal Likelihood :

1 2 3 4 5 6 7 8 9 10
3728 -3698 -3697 -3649 -3614 -3606 -3611  -3617 -3623 -3628

-3550

I I
—Log-likelihood
—Log-ML

-3600(-

-3650

-3700+

-3750
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Chapter 2




Chapter 2

* Motivation (p. 3)
* Change-point models (p. 8)

* Markov-switching and Change-point
models (p. 22)

- Forward-backward algorithm

- Label switching

* References (p. b1)






Motivation

* So far : Fixed parameters over time

— Unlikely to hold for long time series

— Many policy changes and turbulent financial periods
* Should affect the dynamics of the series

* Stylized fact of many time series
* High persistence - almost integrated series

— Unit root model —— No predictability !
* Long-run dynamic evolves over time

Structural breaks can cause these stylized facts



Long run dynamic : S&P 500

Spline GARCH Markov-Switching GARCH

(Engle, Rangel, 2013) (Bauwens,Dufays,Rombouts, 2013)

P 1 o T RIS o VT

10 : : : : : 0 | \ \ | \
1999 2001 2003 2005 2007 2009 2011 1999 2001 2003 2005 2007 2009 2011

Long run volatility evolves over time



Example : S&P 500

Regime 1 Regime 2 Regime 3

0'732 = W+ Q€1 T 50-152—1 O'tz = W; + Q€1 + B@'O'tz_l
No parameter dynamic £ (g + B = 0.95
a+ = 0.99 8 {0+ B =095
Almost integrated S |ag+ B3 =0.99




SB : Motivation

Why detecting structural breaks is relevant ?

* Historical analysis
—» Better understanding of the time series dynamics

* Detection of instabilities
— Useful for systemic risk

* Forecasts
— Automatically select the optimal window size

— Parameters adapted over time



Change-point models



Change-point models

CP models :

* Non recurrent regimes
— Not stationary - In line with economic theories

| |
- Regime 1 | - Regime 2 ' Regime 3
| |
| |

o Yha L
T T T > Obs. 7

() 1 2 3 99 100 101 77 424242434244 7 T

! | | ]
0 1 T2 73
* Forecasts
— Automatically select the optimal window size

— Predictions based on the last sub-sample
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Change-point models

CP models : first attempt to model structural breaks

* Chernoff and Zacks (1964). Carlin, Gelfand and Smith
(1992) ; Stephens (1994)

— Modelling SB as discrete parameters to be estimated

| |
- Regime 1 ! - Regime 2 ' - Regime 3
] | fa | -
| |

Ha | | | | | | | | | | | > Obs. #
() 1 2 3 99 100 101 7 4242 4243 4244 T
|

! I I
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Carlin, Gelfand and Smith (1992)

* Inference on one structural break (in mean or variance)

* Estimation carried out by Gibbs sampler

* The model :

yt\Y1:t—1 ~

m

N
N

(011 yi_1),07) if 7 <t

/
1
(05[1 yi—1]’,035) otherwise

2 2
* The set of parameters : % =1{01,03} and 71 € [1,T — 1]

* Prior distributions :

A,

© ={01,0>}

g 02-2 ~ IG(a, B) ©

€ |1,2]
(9@' NN(/LO,Z()) ) - [

?2]

L 71 NU(l,T—l)



Carlin, Gelfand and Smith (1992)

* Gibbs sampler :
91|Y1:T77-179230-%70-22’ ~ N(ﬂlﬁil)

T1
J%|Y1:T,71,91,92,0§ ~ IG(a—I—Tl/Z,B—I—Zet)
92|Y1:Ta7_1:9170-%70-§ ~ N(ﬂg,ig)

T
US|Y1:T:T179139230% ~ IG(OC‘I_(T_TI)/QHB_I_ Z Et)

t=11+1
(Y11, 01,09,0%,0% ~ Griddy-Gibbs

T1 T
fin =Sl 3wy + g ol o = oo™ D, wye+ Do o
with and

t=11+1
.
E (z42}) + X5 ']

T
So=loy7 ) (maxy)+ 55"
t=711+1
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Carlin, Gelfand and Smith (1992)

+ Griddy-Gibbs :
7T(7'1 = ?:|Y1;T, @,2) X f(Y1:T|@a E,’Tl = Z)f(’?'l — Z) \} = [].,T — 1]

—» Discrete conditional distribution

1) Compute the posterior density for each /and normalize.
2) Draw u ~ U(0,1)
3) Find 7 such that

T+1

Zﬂ' 7'1 —t‘YlT,@ Z) <’U,<Z7T ’7'1 —t|Y1T,@ Z)

t=1



Example

* US GDP growth (1959 Q2-2011 Q3) : AR(1)

4+

0

AL

3

2=

L=

i

%

195;303 196|702 197;02 1981‘302 199“102 1991‘]02 200|702
* Posterior means :
2

1983 - Q1

1.1

14



Carlin, Gelfand and Smith (1992)

Advantages

* Generic method :
* Works for many models (even with path dependence)

* Easily extendible to M-H inference

Drawbacks

* Limited to two regimes
* No criterion for selecting the number of regimes (one or two)
* Time-consuming if T large

15
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Stephens (1994)

* Inference on multiple structural breaks (in mean or variance)

* Extension of Carlin, Gelfand and Smith
* Estimation carried out by Gibbs sampler

* Instead of one structural break : K breaks (K+1 regimes)
* The parameter set is augmented by

— K break date parameters: 7 = {70, T1y ooy TR, TR+ }
— Corresponding mean parameters : © = {67,..., 0%}’

— Corresponding var. parameters : ¥ = {07, ...,0% .}

Prior distributions on break parameters :

n~ULT—-(K+2) 7naa~Um+1LT— (K +2-1))
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Stephens (1994)

* Gibbs sampler : if AR process as before

Qi‘ylzTa @_7;, T, >, ~ N(ﬁz, Ez)

O’,?‘YLT, T, @9 Z—’i ~ IG(CY + (Ti — Ti—l)/27/6 + Z Et)

t=Ti—1+1

7i|Y1.7,0,%, 7; ~ Griddy-Gibbs

Ti

/,_L%:i@[O'Z_Q Z Z'L'tyt+261/£()] Vi € [1,K+1]
with AR
Si=1lo;? ) (ma)+3Sg'7" Vie[l,K +1]

t=7;—1+1



Stephens (1994)

Advantages

* Generic method :
* Works for many models (even with path dependence)

* Easily extendible to M-H inference
Drawbacks

* No criterion for selecting the number of regimes
* Time-consuming if T large
* Many MCMC iterations are required

® ® ® ® |

18
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MCMC : Mixing problem

Invariant Dist. : N((S) , (0 399 O’?‘qg))

_55

4
3
2
1
0

Lk
2
3
4
5

First 200 draws of the MCMC

—» Correlated pamme’rers should be jointly sampled
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Stephens (1994)
CMC i ini ime |
— True for Stephens’ MCMC but for many others
Other example :

* Single-move of Bauwens,Preminger,Rombouts (2011)

Critical issues :
e Tnitial state of the MCMC

300

250+

. Good initial state
Bad initial state ., f

150+
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Chib (1996 - 1998)

Drawbacks (Stephens)

* No criterion for selecting the number of regimes (ok in Chib)
* Time-consuming if T large (ok in Chib)
* Many MCMC iterations are required (ok in Chib)

Moreover

* Algorithm for CP and MS models
* Estimation of the MLE

——»  Perfect for the MCMC initial state

23
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Chib (1996 - 1998)

* AR process of order 1

yt\let—laSt;@aZ ~ N(6’;t[1 yt—l]lvo-Q)

St
St‘St_l,P ~ pSt_l,St
* The set of parameters :
©=1{0],....0k.,}) ——> Mean parameters

2 2 /
2= {017 e 0K+1} — Var. parameters
S1.7 = {81, Sy eey ST} —— Discrete states

P —— Transition matrix

Introduction of a latent state vector driven by a Markov chain
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Chib (1996 - 1998)

S1.7 is driven by a Markov-chain with transition matrix P

Example :
s =1 Vie[l, K+1 — aftimet, active state i
Change-point configuration
/Pl,l l-pm1 0 . 0\ 4
p_ 0 poa l-=poo .. 0],

o0 0 1),

No recurrent state |
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Chib (1996 - 1998)

S1.7 is driven by a Markov-chain with transition matrix P

. . P11 P12 P13 - P1LK+1
MOPkOV‘SWI'rChINQ j p_ D2.1 D2.2 D2.3 e DP2.K41

<EJL7 PK+1,1 PK+1,2 PK+1,3 -+ PK+1,K+1

j _h | r|[ _|J Recurrent states

| Parsimonious model

| | Difficult to estimate

- I (label switching problem)

1 | | | 1 1 | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
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Chib (1996 - 1998)

Markov-switching Change-Point
configuration configuration

K41

e Y1:6-1,51:4-1,0, %) = Z Ps, 1if (We|Y1:4-1,0,%, 8 = 1)
i=1

CP and MS models are mixture models
with time-varying probabilities




28

Chib (1996 - 1998)

e AR process of order 1 {yt,Yl:t—la o N(Q‘;t [1 yt-1]’,a§t)
3t|3t—1>P ~  Psi_1,s¢

* Gibbs sampler :
0;\Y1.7,51.7,P,©_;,% ~ N(f;, ;)

T
0-7?|Y1:T381:T7P7®72_?: ~ IG(CEJF (n%’@)/Q,BJr Zeté-st:?l)
t=1

K+1

P‘Yl;T,Sl;T,("),Z ~ H Dirichlet(n—l—nialzKH)
i=1
S1.7|Y1.7,P,0,% ~ Forward-Backward algorithm
T

Where n; ; = E 5st_1:z',st:j and 715 = ["’%’,1 ;2 ... "’ng]
t=1

Chib samples the state vector in one block !
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Forward-Backward algorithm

* Discrete version of the Kalman filter.

* Two steps:

1) Compute the forward and the predictive probabilities
2) Sample an entire state vector starting from st until s1

* Observe that (without conditioning on {©, >, P} for clarity):
m(S1.r|Yi.r) = 7(sr|Yi.r)7($7-1|Y1.7, 87) - .. W(81| Y11, S20)

* Sampling from m(S1.7|Y1.7) is equivalent to draw
ST - S - - S
4 2 2

mw(sr|Yi.r) w(sr—1|Yi.T,sT) m(s1|Y1.17, So.7)
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Forward-Backward algorithm

* The challenge is to compute : 7(s¢|Y1.7, S¢41.7) VE € [1,T — 1]

* Assumption : FWel Y11, 51:4) = f(ye|Y1:e-1, S¢)

* AR process of order p - yt|Yl:t—1a St~ N(Q,;txtv O-gt)
with Ly = [1 Yt—1 .- yt—p],
then f(yelYie-1,0) = (2moZ,)= e W0 /Coi)
No path dependence for AR processes
* ARMA and GARCH : path dependence problem

Y¢|Y1.+—1 is independent of S7.;_1 given s,

Model without path dependence
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Forward-Backward algorithm
* Under assumption ; f(yt\let—h 51:15) — f(yt‘ylzt—lv St)

* The challenge is to compute : 7(s¢|Y1.7, s¢41.7) Vi€ [1,T — 1]

W(St|Y1:T7 St—l—l:T)

e Two terms :

1) f(St—I-l‘St) — Ps¢,s641

Yl:t)f(St—I—l:Ta }/t—|—1:T|Y1:ta St)
Yl:t)f(st—l—lzT|Y1:ta St)f(y;ﬁ—l—lzT|Y1:ta St:T)
Yii) f(st41]st) v

Independent of s:

transition matrix of the MC

2) f(s¢|Y1.+) = 7 probability of a state given the obs until ¥

New challenge : f(s;|Y7.;)
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Forward-Backward algorithm
* How to compute : f(3t|Y1:t)

f(se|Yie) o< f(ye|Yiie—1,5¢) f(5¢|Y1:6—1)
K41

X f(yt|Y1:t—1, St) Z f(St — ’i|8t—1)f(8t—1|yl:t—1)

K+1
X f(ye Y- 17815 Zpst 1,8¢= zf(st 1| Yie— 1)
~ ' i=1 "'
computable Previous quantity |
( (
f(s1=1[y1) f(s2 =1]Y7.0)

- . ) until T

Lf( = K + 1|yn1) kf(Sz = K+ 1|Y1.9)

Starting point
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Forward-Backward algorithm

* To summarize :
1) Compute f(s =1|Y1¢) Vie[l, K+ 1| and Vit e [1,T]

- f(yils1 = 1)
Example : f(s1=1ly) =

P — — St Fllst =)

Ist quantity @ Prediction step

K+1

f(s2 =tly1) = Zpsl —j,sa=if ($1 = J|t1)
{2nd cy\mn’m\y @ Update step
fs9 = i[Vi.0) = f(y2ly1,s2 = 1) f(s2 = ily1)

ZK“ fy2ly1,s2 = J) f(s2 = jly1)
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Forward-Backward algorithm

* At the end of 1)
1) 'Forward' matrix [ e R1-E+1

[ fls1=1yp1) .. f(sk+1ly1)
(82 — 1‘Y1 ) f(SQ — K + 1‘Y1;2)
\f(ST — 1‘Y1;T) f(ST — K—I— 1‘Y1;T))

2) Draw s7 ~ f(s7|Y1.7)
3) Draw s: ~ f(s¢|Y1.7,Str1.7) ViEe [1,T —1]

S(se = i|Y1.4) f(Se41]8: = 1)
ZKH f(st = Y1) f(St41lst = J)

with f(s: = t|Yi.7, St1.7) =
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Chib's Gibbs sampler

* Last item of the Gibbs : P|Y,.7,S1.7,0,X ~ Dirichlet(a + n4.1.54+1)
K+1

— H f(pi,l:K+l)
Prioron P : < =1

| PiK 1 ™ Dirichlet(ny, ..., ng 1) = Dir(n)
K+1

Posterior : 7 (P|Yir,S17) o f(Sir|P) H f(Pink+1)

K+1 K+1
. 3,_1
W'th n’l/,j .8 Hpst 155t H H pn
. 1=1 i1=)
Number of times ot Kl
g, 5 +m;—1
where the state o [T iy ™™
moves from i to | i=1 0=
K+1

~ H Dir(ni + 4,1, ooy NE41 + N K41)
i=1



36

Model selection

* How to choose the number of breaks ?
— By Marginal likelihood

* Choose a range of number of breaks : e.g. 0 o 5
* Estimate each model from one break to five

No break One break Five breaks
W(@72|Y1:T7K — 0) W(@72751:T3P|Y1:T7K — 1) W(@72751:T7P|Y1:T7K — 5)

* At each time, compute the marginal quantity

No break One break Five breaks
f(Y1.r|K =0) f(Yi.r|K =1) f(Y1.7|K = 5)

* Find the number of breaks that maximizes the ML
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Model selection

* How to compute the marginal likelihood ?
— By MCMC or by Importance sampling

By MCMC : Bayes' rule

oy S|, 2, P f(er, X, P

ek =k = o 5 Pvar, K = h)

Posterior density 1 2 compytable .
)

* * * r * N4 * 4)[ * * *
7‘-(@ 72 7P |Y1:T) :W(P |Y1:T)7T(® |Y1:T:P )W(Z |Y1:T7P 79

1) 7(P*|Yiz) = / 7 (P Yyur, S1op)7(Syor [Vier ) dSyor

2) W(®*|Y1:T7P*) — /W(®*|Y1:TaSl:T)ﬂ-(Sl:T|Y1:TaP*)dsl:’f

—» Auxiliary MCMC with fixed P*
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Model selection

* How to compute the marginal likelihood ?
— By MCMC or by Bridge sampling

By Importance sampling

fVir|K =k) = /f(leT]@,Z,P)f(@,Z,P)d@dZdP

q(0, %, P)
q(0, 3, P)

Z f(Yur|©', 5, P)[(6', 5", P')
G (01, %, Pi)

dOdX.dP

_ / (Y1210, %, P)f(O,3, P)

2

Where {0 X' P'} ~ g(—)



US Monthly Inflation Rate

MLL

-1424 -1409 -1391 -1386 -1384

-1388

39
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Predictions of structural breaks

Pesaran, M. H.; Pettenuzzo, D. & Timmermann, A. 'Forecasting Time Series Subject
to Multiple Structural Breaks', Review of Economic Studies, 2006, 73, 1057-1084

* Hierarchical distributions

Mean parameters
K+1

|
Oluo, Lo ~ | [ N(uo, o)
1=1

Ho ~ N(Huvzu)

So ~ IW (0,V)

A

Var. parameters
K+1

Sla, 8~ [] 1G(e, B)
1 =1

a ~ exp(A)

\/6 ~ IG(@,f)

* The hierarchical (random) parameters gather information

from the different regimes

— If new regime : draw parameters from the hier. dist.
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Predictions of structural breaks

* Hierarchical distributions K+1
Mean parameters Olpo, Lo ~ | [ N(uo, o)
{uo ~ N(p,,5,) i=1
ZJO ~ IW(Q) K)

* A new break happens after the end of the sample (regime K+2) :
—» New parameters have to be drawn !

'Observations' [ ) Or+2 ~ N (1o, 2X0)

0, 0
> ) " Ok +3 ~ N (1o, 20)

!
Update \ >0 ) New regimes
Or+1

01

AR process : Gibbs sampler exists



Example :

US 3-Month Treasury Bill
CP-AR(1) model exhibiting 7 regimes (according to MLL)

15+ —

n | | | | | |

08-1947 071957 071967 071977 07-1987 071997  12-2002




Example :

US 3-Month Treasury Bill
CP-AR(1) model exhibiting 7 regimes (according to MLL)

TABLE 2

Posterior parameter estimates for the unconstrained AR(1) hierarchical HMC model with six break-points

Regimes
1 2 3 4 5 6 7
Date 19471957 19571960 1960-1966 1966—1979 1979-1982 19821989 19802002
Constant
Mean 0-021 0.252 0-017 0.220 0-412 0.-246 —0-004
S.E. 0-034 0-208 0-067 0-161 0-521 0-211 0-054
AR(1) coecthicient
Mean 1-002 (0-805 1-006 0-969 0-958 0-968 0-992
S.E. 0-020 0-071 0-020 0.026 0-045 0.-027 0-011
Variances
Mean 0-023 0.-256 0-015 0-260 2-558 0-161 0.048
S E. 0-003 0-068 0-003 0-031 0-671 0.027 0-005
Transition probability matrix
Mean 0-088 0-960 0-979 0-991 0-961 0-981 1
S.E. 0-010 0-032 0-017 0-008 0-032 0-015 —
Mean duration 120 37 72 156 37 84 —

Notes: AR, autoregressive: S.E.. standard error.

43
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Label switching

* Issue arises in MS specification (recurrent states)

e P11 P12 P13 P1,K+1
Full transition p—| P21 D22 P23 .- P2,K+1
matrix
PK+1,1 PK+12 PK+1,3 - PK+1,K+1

* Posterior distribution : invariant to the label of the states

Example : | Regime 1 | Regime 2 | _
| | |
1 100 T _Obs,
0y =10,0, =2 W) 51900 =1 $101:7 = 2 » 8 o
01 =2,00 =10 W)  S1.100 = 2 sto1.7 =1 g 5

Misleading if it happens during the MCMC algorithm



Example : US GDP Growth

* Great moderation : Drop of the variance

I I I [ I I I
4
|
|
|
3 I
|
|
1
2 [
1
1 L 1
1
1
1
oj q [
1
1
1
AL i
1
1
1
2- i
| | | | | | |
1959Q3 196702 197502 198302 199102 199902 2007Q2

* Could be estimated by an MS-AR model
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Example : US GDP Growth

Label switching problem

| | | | |
0 500 1000 1500 2000 2500 3000 3500

* Posterior means are hot safe |

N
1 i
E(o?|Y1.7) # ~ d o7t =05
1=1

N
E(o?|Yi.r) # ~ 05" = 0.81

1—=1

1

No label switching

2

2
1
—
2

| | | | | |
00 500 1000 1500 2000 2500 3000 3500

* Posterior means are safe |

1 <. .
E(e|Yir)~ — Y o7 =1.02
N 1=1
N
2 1 2,7
E(02’Y1:T) ~ N 0'2’ = 0.29

1=1
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Label switching

* Solutions

1) Posterior distribution : invariant to the label of the states
Only if the prior is also symetric to the labeling

—  Constrain the prior distribution

| Regime 1 | Regime 2 |
>

L yonaoy yaveny T g,

1 100 |

Example :

Prior distributions

1~ Nlpo, Xo) ) 0, = 10,0, =2
92|91 ~ N(M0720)592<91 |

£
U

A
iy U

10
1 — «yVZ L+

— Impossible label



Label switching

* Solutions

2) Sort out the MCMC draws after the algorithm
according to a loss function

* 3) Only use summary statistics invariant to label switches

Example : US GDP growth E

Posterior means over ’rime :

E(o7|Y1.r) Z Os i

Invariant to labelmg

| | | | | | | | | |
O0 20 40 60 80 100 120 140 160 180 200
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Example : MS

US GDP Growth rate - MS-ARMA with 3 regimes

E I l l l l
2 — —
| N
0 —|
AL |
| | | | | | | | | | | | |
1963 1967 1971 1975 1979 1983 1987 1991 1995 1999 2003 2007 201




Chib
Advantages

* Multiple breaks

* Recurrent or no recurrent states (Change-point/Markov-
switching)

* MCMC with good mixing properties

* Allow to select an optimal number of regimes

* Forecast of structural breaks

——» State of the art |

Drawbacks

* Geometric distribution for the regime duration
* Many computation for selecting the number of regimes
* Not applicable to models with path dependence

50
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Other CP and MS specs

* Koop and Potter (2007) - CP models
CP models without geometric durations
Inference of breaks without marginal likelihood
Extremely demanding !

Koop, G. & Potter, S. '‘Estimation and Forecasting with Multiple Breaks’,
Review of Economic Studies, 2007, 74, 763-789

* Giordani and Kohn (2008) - recurrent models
Breaks modelled as mixtures (no prob. dynamic)
Inference of breaks without marginal likelihood
Parameters are subject to different breaks

Giordani, P. & Kohn, R. ‘Efficient Bayesian inference for multiple change-point and mixture
innovation models' Journal of Business and Economic Statistics, 2008, 26, 66-77




Other CP and MS specs

* Maheu and Song (2013) - CP models
Inference of breaks without marginal likelihood
Only adapted to AR process with normal innovations
Very fast |

Maheu, J. & Song, Y. ‘A new structural break model, with an application to canadian
inflation forecasting’, International journal of forecasting, 2013, 30, 144-160

» Jochmann (2013) - CP and MS models
Inference of breaks with Dirichlet processes
Inference of CP and MS models at the same time
Predictions that encompass different number of breaks

56

Jochmann, M. ‘Modeling U.S. Inflation Dynamics : A Bayesian Nonparametric Approach’

Econometric Reviews, 2013, Forthcoming




Estimation by SMC

* Fearnhead and Liu (2007) - CP models
Exact inference by SMC
Very fast |

Fearnhead, P. & Liu, Z. 'On-line inference for multiple changepoint problems’,
Journal of Royal Statistical Society, Series B, 2007, 69 (4), 589-605

* Whiteley, Andrieu, Doucet (2013) - CP models
Unknow number of breaks
Exact inference by SMC
Faster than O(T"2)

57

Whiteley, N.; Andrieu, C. & Doucet, A. 'Bayesian Computational Methods for Inference
in Multiple Change-points Models', Discussion paper, University of Bristol, 2011




Other references

* Marginal likelihood by Importance sampling and Bridge
sampling

58

Fruhwirth-Schnatter, S. ‘Estimating Marginal Likelihoods for Mixture and Markov-
switching Models Using Bridge Sampling Technigues', Econometrics Journal, 2004, 7,
143-167

* Label-switching

Geweke, J. 'Interpretation and Inference in Mixture Models: Simple MCMC works'
Computational Statistics and Data Analysis, 2007, 51, 3259-3550
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Chapter 3

* Path dependence (p. 3)
* Change-point models (p. 16)

* Markov-switching and Change-point
models (p. 26)

- PMCMC algorithm
- THMM-GARCH

* References (p. 43)






Chib's specification
Advantages

* Multiple breaks

* Recurrent or no recurrent states (Change-point/Markov-
switching)

* MCMC with good mixing properties

* Allow to select an optimal number of regimes

* Forecast of structural breaks

——» State of the art |

Drawbacks

* Geometric distribution for the regime duration
* Many computation for selecting the number of regimes
* Not applicable to models with path dependence



Chib's specification
Why not applicable ?

* Simplification in the Forward-backward algorithm :

f(yt‘ylzt—lv Sl:t) — f(yt‘yl:t—lv St)

* If assumption does not hold :

7 (s¢|Y1.1, Str1.7)

X f(St
X f(St
-+ f(St

Yl:t)f(st—l—lzTa Y;b—l—lzT|Y1:t7 St)
Yl:t)f(st—l—lzT|Y1:ta St)f(y;ﬁ—l—lzT‘leta St:T)
Y1) f(st41lst)

Chib's algorithm not available for

State-space model with structural breaks in parameters
Example : ARMA, GARCH



Path dependent models

CP- and MS-ARMA models
Yyt = ps, T 0s, Y11+ @s, €01 + €
S¢|st—1, P~ DPsi_1,s¢
CP- and MS-GARCH models
Yt = Ot€
‘7152 = Ws T astytz—l + 6st0152—1

St|si—1, P~ Ds, 1,5

Change-point Markov-switching

P11 1—p1a 0 .. 0 P1,1 D1,2 P13 - DLK+1
p— 0 D2.2 1 — P22 ... 0 P = P21 P22 P23 P2, K+1

0 0 0 o1 PK+1,1 PK+1,2 PK+1,3 -+ DPK+1,K+1



Path dependence problem

1 2 3 4 ] g 7 B

112345674 91011121314 15161718 192021222374 2526 2728 29303132

~ {ARMA Yt — Hs, - Qstyt—l =+ Cbst Et—l(Slzt—l) + €4
GARCH 07 (S1.t) = ws, + as,Yj 1 + Bs, 071 (S1:6—1)

t—1

Function
Of Sl

Likelihood at time t depends on the whole path
that has been followed so far

T 12345 6 7 8 9 10 11 12 13 14 15
Poss. paths 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 16384




Path dependence problem

Solutions ?

1) Use of approximate models without path dependence
* Gray (1996), Dueker (1997), Klaassen (2002)
* Haas, Mittnik, Poella (2004)

Yt

2
0¢.1

2
T¢.2

2
Ot K+1

Ot,s; €t
2 2
W1 T+ 1Yy T 610'75_1,1

2 2
W2 + QY1 + 52075—1,2

2 2
WK4+1 T OK+1Y; 1 T 5K+1Ut—1,K+1



Path dependence problem

Solutions ?

2) Stephens (1994) : Inference on multiple breaks
Drawbacks

* Time-consuming if T large
* Many MCMC iterations are required

. LY ® ® |

3) Bauwens, Preminger, Rombouts (2011) :
* Single-move MCMC



10

Single-move MCMC

CP- and MS-GARCH models
Y. = O€
Utz = W, T O, ytz—l T /63t0-t2—1

St|si—1, P~ Ds, 1,5

Change-point Markov-switching
P11 1—pia 0 .. 0 D11 D1,2 P1,3 - P1L,K+1
p_ 0 D22 1 —poo2 ... O p_| P2 D22 P23 ... P2K+1

0 0 0 e 1 PK+1,1 DK+12 PK+13 - PK+1,K+1
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Single-move MCMC

MetrOpOlES‘HGSfings Sampler . @ — {wla a7, 1617 RED) wK—I—la aK-I—l 9 5K—|—1}

0;|Y1.7, S1.7, P,O_; ~ Griddy-Gibbs
P‘YLT, Sl:T: ® -~ DlI'lChlet(T] -+ ’I”L,,;’LK_|_1)

s¢|Y1i.7, P,©, 51+ 1,5:1.7 ~ single-move
N -

—~

One state updated at a time |

W(StlylzTapagas—t) X f(Y1:T|®aSl:T)f(St‘St—laP)f(8t+1’5taP)
X {(YI:T|@> Sl:T)pSt_l,Stpst,8t+5

7\

Likelihood | Transition matrix



Example

10

3000

25001

2000+

1500~

1000+

500~

_ | 1 | I
0 500 1000 1500 2000 2500 3000 0

;Break date 1
—Break date 2

| | | | 1 | |
Q 1 2 3 4 5 6 7

Simulated series : 1" = 3000 Initial state : [200 600]

Corr (7}, 7072%%) = 0.996

Convergence after 100,000 MCMC iterations |

12



Single-move

Advantages

* Generic method :
* Works for many CP and MS models

Drawbacks

* No criterion for selecting the number of regimes
* Very Time-consuming if T large (especially for MS)
* Many MCMC iterations are required :

Very difficult to assess convergence

°

13
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Change-point models

15
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D-DREAM algorithm

CP-GARCH models :
Yyt = Mk T €,
€t — O¢lg, with Ty ~~ 1.7.d. N(O, 1),
op = wi+ kel + Broj

if t €lm_q, 7], with k = {1,2,..., K +1} denoting the regime.

| |
- Regime 1 | - Regime 2 ' Regime 3
| |

| |
o . . Yhe A
i | | | | | | | | | | | I | » Obs. #

0 1 2 37 99 100 101 " 424242434244 T

I | |
T0 1 72 T3

Come back to the Stephens' specification !



D-DREAM algorithm

Problem with Stephens’ inference :
* Break dates sample one at a time (single-move)

——» MCMC mixing issue
* Very demanding if T is large

Discrete-DREAM MCMC :

* Metropolis algorithm
* Jointly sample the break dates
* Very fast (faster than Forward-Backward)

17
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D-DREAM algorithm

* Two sets of parameters to be estimated :

L /
Continuous {@ = (01,02, ., 6k +1) Discrete T' = (71,72,...,7x)’
Or = (LK, Wk, Ok, Br)

* MCMC scheme : /\

m(©|Y1.7,T) Iterations 7([|Y1.7,0
| | = @
Not a standard dist. Not a standard dist.

@ Metropolis @ Metropolis

Proposal : DREAM Proposal : D-DREAM



D-DREAM algorithm

DiffeRential Adaptative Evolution Metropolis
(Vrugt et al. 2009)

* DREAM automatically determines the size of the jump.

* DREAM automatically determines the direction of the jump
* DREAM is well suited for multi-modal post. dist.

* DREAM is well suited for high dimensional sampling

* DREAM is symmetric : only a Metropolis ratio

Nevertheless only applicable to continuous parameters

! 1

Extension for discrete parameter : Discrete-DREAM

19



DREAM : Example

Adaptive RW DREAM

19
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DREAM algorithm

M parallel MCMC chains :

o' o) e,
Proposal distribution : € [1,1M/2] ¢~ N(0,107°)
i X,
O = 0! +~(5,d) () O 4 — Z@m(h
y o= \
~(8,d) = 2.38/V28d ri(g) # ra(h) #j

Symmetric proposal dist :

* Accept/reject the draw according to the probability
f(Y1.7|0%,T%) f(61)
f(Y1.r|©%,T%) f(0%)

min[



(—)

D-DREAM algorithm

M parallel MCMC chains : {©",T"}

Continuous

@ — (81,92,...,9}(4_1),
0r = (L, Wk, Ok, Bk)

v

Proposal dis’rribution : b =1

@Z +7(9,d) Z@?“l(g) Z ®T2(h
Accept with probability

1'1*@Z D) f(©
i CIOLTIIE)

f(Y1.7|©5,T5) f(65)

N,M .
i=1,j=1 Discrete

I'=(71,72,..., k)’

v

Proposal distribution :

1)
+ round|(4, d) ZFfr @~ 2 Tram) + ¢
h=1

g=1

\

Accept with probability

i <Y1T|@;,r;>f(rj)’l]

F(Yir|®7, T F(T)

22
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Example

WWMWMWM Wi T = 3000

D-DREAM w____ Single-move

oo meris oyl Y oo
Initial states around [200 600]  Initial state : [200 600]
Corr(7¢, 7072%) = —0.005 Corr (7}, 7072%%) = 0.996

1 _1—10\ __
Corr(ry, 7 ") = 0.54 Convergence after 100.000
Convergence after 3.000 MCMC iterations |

MCMC iterations |



D-DREAM (2014)

Advantages

* Generic method for CP models
* Inference on multiple breaks by marginal likelihood
* Very fast compared to existing algorithms

Drawbacks

* Model selection based on many estimations
* Only applicable to CP models and specific class of recurrent
states

24
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Particle MCMC

CP- and MS-GARCH models
Yy = Ot€
Otz = W, T O, ytz—l T 5&0152—1

e ~ 1id.N(0,1)

St‘st—lap ~  DPsi_1,s

Change-point Markov-switching
P11 1—p1a 0 o 0 P11 P1,2 P1,3 - P1LK+1
P = 0 P22 I—p22 ... O p— P21 P22 P2.3 P2 K+1

0 0 0 e 1 PK+1,1 DK+12 PK+13 - PK+1,K+1
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Particle MCMC

Sets of parameters :
f
@ — (91, 92, cees 9}(4_1),

Continuous State var. Si.7 = {51,....,57}
< Ok = (Wi, ag, Br)
P
MCMC scheme :
1) O|Yi.7, P, S1.7 ~ Metropolis-Hastings
K1
2) P|Y1i.r,0, Sty ~ || Dir(m +nig,..om + nig41)
i=1

3) Si.7|Yi.7, P,© ~ Particle-Gibbs

Sampling a full state vector is unfeasible
due to the path dependence issue



Particle MCMC

3) Si.7|Y1.1, P,© ~ Particle-Gibbs
Idea : Approximate the distribution with a SMC algorithm

—» Does not keep invariant the posterior distribution

Andrieu, Doucet and Holenstein (2010)

* Show how to incorporate the SMC into an MCMC
* Allow for Metropolis and Gibbs algorithms
* Introduce the concept of conditional SMC

—» With a conditional SMC, the MCMC exhibits the
posterior distribution as invariant one.

28
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Particle MCMC

3) Si.7|Y1.1, P,© ~ Particle-Gibbs
Previoyé value

f(Slzt‘let) X f(yt|Y1:t—1a Sl:t)f(st‘Slzt—l)f(slzt—l‘let—l)

SMC :

1) Initialisation of the particles and weights:

{35}5;1

wy < f(y1]s7)

Iterations ° Re-sample the particles
Vt € [2,T] Vre[l,R]; AT ~ Mult(W;_,)

* Generate new states
vre [1,R];sy ~ Mult(p ap )

tlst

* Compute new weights
vr € [1, Rl wy f(yt|512t1173t) and W/ = wy /( Zwt



Init.

SMC

Re sampling New states Weights
A; ~ Mlllt(Wt_l)

. RN

s; >, LiK+1
1 o
2 psl 1 1K+1
; o
So NV 2
2 ps‘f‘S,l:Kﬂ

6 wry
S ~Y
2 psf‘%,LKH {s2, w3}

30

> ..until T
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Particle Gibbs

* Conditional SMC : SMC where the previous MCMC state vector
is ensured to survive during the entire SMC sequence.

3) Si.7|Y1.1, P,©® ~ Particle-Gibbs

* Launch a conditional SMC
* Sample a state vector as follows :
1) r ~ Mult(W4, ..., WF) and set sp = s,
2)From T-1 until 1, retrieve the path of the state : s; = sf:“
* Improvements :
1) Incorporation of the APF in the conditional SMC
2) Backward sampling as Godsill, Doucet and West (2004)
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Example WMWWWWM \ ‘ Wi T = 3000

3000 : :
—Break date 1
—Break date 2

2500r

2000 Ptk PRERPRPTT Y | PO P R

1500

foo0 WY e e el

300

Initial states around [200 600]

| | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

- L 1 1
! GO 500 1000 1500 2000 2500 3000
D-DREAM

x10*

Corr(7¢, 7072%%) = —0.005
Corr(7i, 7i71%) = 0.54

3000

25001

2000

1500+

1000

500

PMCMC

;Break date 1
—Break date 2

L L T W R T e

| | | | 1 | | | |
0 100 200 300 400 900 600 700 800 900 1000

Initial state: [200 600
Corr(7!, 7072%) = 0.05

Corr(7i, 77 1%) = 0.21



PMCMC

S4&P 500 daily percentage returns
from May 20,1999 to April 25, 2011

Table: Marginal log-likelihood values for S&P 500 data

Regimes 1 2 3 4
Change-Point
BS  -4505.33 -4505.83 -4503.05 -4519.23
Chib  -4504.95 -4505.93 -4502.97 -4516.16
Markov-switching
BS  -4505.31 -4497.99 -4502.74
Chlb '450508 '449604 '449773 :§§'§$§§§\§§§’$§§é§$§’§§$é§§§$$$$§'\$§
GARCH CP-GARCH MS-GARCH
Regime o° Qv 3 o2 __ 3 o2 Qv 3
1 1.55 0.075 0.915 1.95 0.0849 0.868 2.32 0.089 0.891
2 0.45 0.023 0.931 0.46 0.031 0.901

3

2.75 0.098 0.890

33



PMCMC

Various financial time series

Series

S&P 500
DJIA
NASDAQ
NYSE
BAC

BA

JPM
MRK

PG
Metals
Yen/Dollar

Spline-GARCH
log-BF
5.21
2.99
3.20
2.40
16.62
9.10
8.82
48.78
16.34

6.66
-3.34

knots

w

- N Pk~ W R RO WWw

GARCH
MLL

-4505.33
-4333.43
-5429.84
-4380.62
-6127.39
-6174.57
-6400.27
-6209.73
-4842.02
-5267.44
-2982.33

CP-GARCH
K+1 log-BF
3 2728
1 0
1 0
1 0
3 50.12
2 8.9
3 517
5 215.39
3 24723
2 11.33
1 0

MS-GARCH
K+1 log-BF nswitch
2 7.34 3
2 4.7 3
2 194 7
2 3.91 13
3 79.49 11
2 11.48 6
3 7.22 9
3 33523 56
2 336 9
2 14.68 5
2 3.05 7

34



PMCMC (2013)

Advantages

* Generic method for CP and MS models
* Inference on multiple breaks by marginal likelihood
* Very good mixing properties

Drawbacks

* Model selection based on many estimations

* Very computationally demanding

* Difficult to calibrate the number of particles
* Difficult to implement

35
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ITHMM-GARCH

CP- and MS-GARCH models
Yy = Ot€
Otz = W, T O, ytz—l T 5&0152—1

e ~ 1id.N(0,1)

St‘st—lap ~  DPsi_1,s

Change-point Markov-switching
P11 1—p1a 0 o 0 P11 P1,2 P1,3 - P1LK+1
P = 0 P22 I—p22 ... O p— P21 P22 P2.3 P2 K+1

0 0 0 e 1 PK+1,1 DK+12 PK+13 - PK+1,K+1
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ITHMM-GARCH

Sets of parameters :

. !
Continuous O = (01,02, .,0K11)"  gqte var., Sy.r = {s1,...,s7}
Or = (Wi, g, Br)

P

MCMC scheme :

1) O|Yi.7, P, S1.7 ~ Metropolis-Hastings
K+1

2) P\Y1.7,0,51.1 ~ H Dir(ni +ni1, ., M1 + N K+1)
i=1

3) Si.7|Yi.7, P,© ~ M-H based on approximate models
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ITHMM-GARCH

3) Si.7|Yi.r, P,© ~ M-H based on approximate models

Sampling a full state vector is infeasible
due to the path dependence issue

v
Sampling a full state vector from an approximate model

Klaassen or Haas, Mittnik and Paolela

N P

Accept/reject according to the Metropolis-hastings ratio



ITHMM-GARCH

Moreover, Hierarchical dirichlet processes are used
* To infer the number of regime in one estimation

* To include both CP and MS specification in one model

/P1,1 P1,2 P1,3 \
p— P2.1 P22 P2.3

\PK+1,1 PK+1,2 DPK+1,3 - }



40

IHMM-GARCH

S4&P 500 daily percentage returns
from May 20,1999 to April 25, 2011

PMCMC THMM-GARCH

15

15

10 . 10-

51 5L

-5

5

=10 . ‘ ‘ : : ~ ! ! ! I I
05/1999 05/2001 05/2003 05/2005 0512007 05/2009 04/2011 02?1999 05/2001 05/2003 05/2005 05/2007 05/2009 0412011

Regime 1 Regime 2 Regime 3 Regime 4 Regime 5 Regime 6 Regime 7
Prob. 0 06046 0.2075 0.1455 0.0224 0.0196  0.0004

Table: Posterior probabilities of the number of regimes for the S&P500 dalily index



THMM-GARCH (2014)

Advantages

* Generic method for CP and MS models

* Self-determination of the number of breaks

* Self-determination of the specification (CP and/or MS)
* Predictions of breaks

* Very good mixing properties

* Fast MCMC estimation

Drawbacks
* Difficult to implement

41



42



References

* Bauwens, Preminger, Rombouts (2010)

43

Bauwens, L.; Preminger, A. & Rombouts, J. 'Theory and Inference for a Markov-
switching GARCH Model’, Econometrics Journal, 2010, 13, 218-244

* Bauwens, Dufays, De Backer (2011)

Bauwens, L.; Dufays, A. & De Backer, B. ‘Estimating and forecasting structural breaks
in financial time series’, CORE discussion paper, 2011/55, 2011

* Bauwens, Dufays, Rombouts (2013)

Bauwens, L.; Dufays, A. & Rombouts, J. '"Marginal Likelihood for Markov Switching and
Change-point GARCH Models’, Journal of Econometrics, 2013, 178 (3), 508-522




44

References

* Dufays (2012)

* Dufays, A. "Infinite-State Markov-switching for Dynamic Volatility and Correlation
Models ', CORE discussion paper, 2012/43, 2012

SMC algorithm :
* He, Maheu (2010)

He, Z. & Maheu, J. M. '‘Real time detection of structural breaks in GARCH models’,
Computational Statistics & Data Analysis, 2010, 54, 2628-2640




Without path dependence

+ Gray (1996)

45

Gray, S. '‘Modeling the Conditional Distribution of Interest Rates as a Regime-
Switching Process’, Journal of Financial Economics, 1996, 42, 27-62

* Dueker (1997)

Dueker, M. ‘Markov Switching in GARCH Processes in Mean Reverting Stock Market
Volatility', Journal of Business and Economics Statistics, 1997, 15, 26-34

* Klaassen (2002)

Klaassen, F. 'Improving GARCH volatility forecasts with regime-switching GARCH'",
Empirical Economics, 2002, 27, 363-394

* Haas, Mittnik and Paolella (2004)

Haas, M.; Mittnik, S. & Paolella, M. ‘A New Approach to Markov-Switching GARCH
Models’, Journal of Financial Econometrics, 2004, 2, 493-530




Sparse Change-point model

Arnaud Dufays
(Centre de Recherche en Economie et Statistique)

May 19< 2014

=
T
5 %
= a®




Motivation

Limitations of standard CP models :

1. Classical inferences available for AR and ARCH models

— Difficult to estimate path dependence models
(CP-ARMA,CP-GARCH).

2. Optimal number of regimes computed by Marginal likelihood
— Many useless estimations and uncontrolled penalty.

3. Each new regime increases the number of model parameters
— Over-parametrization.

4. Forecasts based on the last regime
— Uncertainties on parameters and inaccurate predictions.



Example

ARMA model
Standard Change-Point
Yt =C+ byt 1+ ot 1+ ¢ Yt = Ci+ BiYt—1 + djer—1 + €t
No dynamic for ¢, (3, ¢ A latent variable governs

the dynamic of breaks



Contribution

CP models using shrinkage priors :
1. Adapted to estimate path dependence models
(CP-ARMA,CP-GARCH).

2. Optimal number of regimes obtained in one estimation with
user-specified penalty.

3. Controls the over-parametrization.
— Only a few parameter evolves from one regime to another.

4. Very good forecast performances.



Example

\\\\\\\\\\\\\\
4 4
3 3
2
1
0
Ak
2
! ! ! ! ! ! ! ! ! ! ! ! ! !
1959 1963 1967 1971 1975 1979 1983 1987 1991 1995 1999 2003 2007 2011 1959 1963 1967 1971 1975 1979 1983 1987 1991 1995 1999 2003 2007 2011

CP-ARMA Our CP-ARMA

o° 1.11 0.25 0.53 1.11 027 0.27
(0.14) (0.04) (0.20) (0.15) (0.04) (0.04)

MA term -0.08 -0.37 0.48 -0.34 -0.34 0.5
(0.15) (0.13) (0.29) (0.09) (0.09) (0.19)



Outline

The CP-Model and its estimation



The CP-ARMA model

Let YT+ ={yq,..., y7} be a time series of T observations.
The CP-ARMA model defined by :

Yt = C1+B1Yi1+d1er1+et with ¢ ~ N(0,0%) for t < v;
Yt = Co+BoVt_1+doer1+er With e ~ N(0,05) for t <o

Yt = CKki1 1+ BK41Yt—1 + OKp1€t—1 T € for v <t < T (1)

Focus on the break dates I = (74, ..., 7) instead of a state vector
St ={s1,... 87}

2 2 /
Let © = (01751 / ¢170-1 IRRED CK—I—175K—I—17¢K—I—170-K_|_1) -

Regime 1 Regime 2 Regime 3
I I I I I I ? Obs- #
259 260 261 ‘7|'

| |
70 T ™ 73

o I I I I

o 1 2 3 "~ 99 100 101



D-DREAM algorithm : specification
The MCMC scheme is

D
D
D

1.7(O, YT)
2.7(r'e, Yr)

We use a Metropolis algorithm :
iffeRential Adaptative Evolution Vetropolis (Vrugt et al. (2009))

REAM automatically determines the size of the jump.
REAM automatically determines the direction of the jump.

REAM is well suited for multi-modal posterior distributions and for

high dimensional parameters.
@ DREAM proposal is symmetric.

However only suited for continuous parameters.
D-DREAM for Discrete parameters (Bauwens et al. (2011))



Outline

Shrinkage methods



Shrinkage priors

How to determine which model parameter(s)
evolves from one regime to another ?

Testing all the possibilities and computing the Marginal likelihood

1. Too many posterior distributions to be estimated.

— For 4 regimes and 4 parameters by regime : 256 models.
— In the empirical example : 8 regimes (4096 models).

2. No proof that the Marginal likelinood will choose the right spec.

3. Break date parameters for each parameters : Over-parametrization.



Shrinkage priors

How to determine which model parameter(s)
evolves from one regime to another ?

Keep the specification of a standard CP-ARMA but shrink the irrelevant
parameters and break dates toward zero.

1. Only one estimation is required.
2. Break is identified only if it improves the likelihood.

3. Long regimes : estimators tend to their distribution without shrinkage.



Transformation of the model

For applying a shrinkage prior, the CP-ARMA model becomes :

k k k
yi=(C1+ > AG)+ (B1+ > AB)Yr1+(d1+ Y Adj)er 1
j—2 j—2 j—2

k
+erwith ¢f ~ N(0,05+ ) Ao?) for t €l 1,7
=2

with AC,' = Cj — Cj_1.
The first regime : {cy, 81, ¢1} ~ N(0,10/3) and 0% ~ U[0, 30].
Shrinkage on the other parameters :

For Example : Acj|t ~ N(0,7) and 7 ~ Q.



Shrinkage priors
Shrinkage is about the distribution Q : Ac;|m ~ N(0,7) and 7 ~ Q.
@ The absolutely continuous spike-and-slab prior (Ishwaran and Rao
(2000)) :
T = 0%k With 072 ~ G(3,%) and klw = wd,—0.00001 + (1 — w)d,—1-

The marginal distribution of Ac;|w is a mixture
of two student distributions :

2.5

2+
1.5-

1,

P

-8 -6 4 -2 0 2 4 6 8

Spike and Slab marginal distribution
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Empirical applications



US GDP growth rate 1959-2011

\\\\\\\\\\\\\\
4 4
3 3
2
1
0
4L
2k
\ \ \ \ \ \ \ \ 1 1 \ \ \ \
1959 1963 1967 1971 1975 1979 1983 1987 1991 1995 1999 2003 2007 2011 1959 1963 1967 1971 1975 1979 1983 1987 1991 1995 1999 2003 2007 201

CP-ARMA with Spike and Slab

Regime 2 3
C 0.03 0.04
5} 0.03 0.03
¢ 0.03 1.00
o2 1.00 0.06

Only the variance and the MA parameter change over time



Monthly 3-Month US T-bill rate 1947-2002

Pesaran et al. CP-ARMA with Shrinkage priors

Intercept AR(1) Coefficient
15+ 1 15+
10t 1 107
15+ .
Lo ' S ' 3 ] 3 ]
P ! g !
P ! NIl !
[ I i I \ \ \ s s . s L \ L s L
[ i i i 08-1947 071955 07-1963 07-1971 07-1979 07-1987 07-1995 081947 07-1955 07-1963 071971 07-1979 07-1987 O7-1985
| | | | |
10_ | | | | | -
: : : ! ! MA(1) Caefficient Variance
Lo i i ‘ ‘ ‘ ‘ . ‘ . ‘ .
| | | | |
[ I [ I 150 1 15
[ I o I
[ o I
9 . Lo | 1 10 10
o I o I
[l I o I
I o I
I [ I 5t 1 5t i
I o I
| | | |
| | | | | | ‘ ‘ ‘ ‘ ‘ . ‘ . ‘ ] ‘ "
08-1947 071955 07-1963 07-1671 07-1979 O7-1987 07-1995 081947 07-1955 07-1963 071971 O7-1979 07-1987 O7-1985

081947 071967 07-1967 071977 071987 071997 122002
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Conclusion



Conclusion

— Algorithm : Inference for ARMA models with structural breaks.

@ Detects the parameters that change from one regime to another.
@ Shrinks all the irrelevant parameters toward zero.
@ Shrinks all the irrelevant regime.

— No need of the marginal likelihood.

— Empirical enhancements :

@ Could improve the interpretation of the presence of structural breaks.
@ Very good prediction performances.
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Chapter 4

* Introduction (p. 3)
* Simple Gibbs and MH MCMC (p. 9)

* CP-AR models (p. 27)

- Carlin, Gelman and Smith : Griddy-Gibbs
- Chib's algorithm






Introduction
Quick start

* Four directories :

* AR_regressions - MCMC for simulating posteriors of AR
models

* GARCH_with_MH - MH MCMC for simulating posteriors
of a GARCH(1,1) model

* CP_models_with_CGS - MCMC for drawing posteriors of
AR models with 2 regimes using the Carlin, Gelman and
Smith approach

* CP_models_with_Chib - MCMC for posterior distributions
of AR models with k regimes based on Chib's algorithm



& marias 7300 i A

How to use the programs ?

Introduction

Current folder : Matlab directory

File Edit Debug Parallel Desktop Window Help
"’j =] ! & By R 9 ™ ! u @ ﬂ ! € | Current Folder:| C:\Doctorat\Courses\Bayesian lectures at Berlin\Matlab / - E] =

Shortcuts (2] How to Add  [2] What's New

Current Folder

W

w0 n X

. < Bayesian lectures at Berlin » Matlab »

MName =
AR_regressions
CP_models_with_CGS
CP_models_with_Chib
GARCH_with_MH

Navigator

vp#v

(@) Mew to MATLAB? Watch this Video, see Demos, or read Getting Started.

MATLABR desktop keyboard shortcuts, such as Ctrl+5, are now customizable.
In addition, many keyboard shortcuts have changed for improved consistency

across the desktop.

To customize keyboard shortcuts, use Preferences. From there, you can also
restore previous default settings by selecting "R200%z2 Windows Default Set™
from the active settings drop-down list. For more information, see Help.

Click here if you do not want to =see thi=s message again.

f{>>|

Command window

Workspace

Miorkepace 202X
E m {E ﬁ % H@Selectdata... -

Name « Value

4 il 3
Command History H 02 X
‘ . plof (1n_GDP_diff) -



Introduct

Go to the AR_regressions directory Current folder :
Click on US_GDP_percentage Matlab directory

o\ MATLAB 7.10.0 (R2010a) | T e

File Edit Wiew Debug Parallel Desktop  Window Help
IS | & o= o | & 9 ) | @ | Current Folder:| C\Doctorat\Courses\Bayesian lectures at Berlin\Matlab\AR_regressions ==

Shortcuts (2] How to Add (2] What's Mew

O Command Window = Woarkspace — o a ox
& B | <« Matlab » AR_regressions ~ o #%-| @ Mewto MATLAB? Watch this Video, see Demos, or read Getting Started. x| = i = % W | | B select data... ~
Mame Mame Value
fﬂAR " t MATLAR desktop kevboard shortcuts, =such as Ctrl+5, are now customizable. EEUS GDP_growth <210 double
explanatory_wvar.m ! _
fﬂ au{oczrrm s In addition, many keyvboard shortcocuts have changed for improved consistency date US_GDP 1x210 cell>
cusum F;Iotas\.r across the desktop. -
ﬂ cusum_plot.m
To customize keyvboard shortcuts, use Preferences. From there, yvou can also

|| generate_posterior_distributions_AF_process.aswv

fﬂ generate_posterior_distributions_AR_process.m

fﬂ generate_posterior_distributions_AR_process_with_MH.m
|| generaticn_AR_process.asv

fﬂ generation_AR_process.m

fﬂ Geweke_test.m

restore previous default settings by selecting "R200%a Windows Default Setc™

from the actiwve settings drop-down list. For more information, =see Help.

Click here if you do mot want to see this message again.

fﬂ Gibbs_regression_with_MLL.m J"{ >

fﬂ launch_AR_regregsion_with_Gibbs_sampler.m

| MH_regressicn_vfith_MLL.asv 4 | [ 3

fﬂ MH_regressicn_vJfith_MLL.m -

A progressbar.m CommandiHistony -1 0 A x

HH us_3m_us_Thill.fhat ~pldt (ln_GDP_diff) -
US_GDP_percen -daffe US GDPF = date_Q:

clar all

1]

- _\

EH us_inflation_frodh_PCE.mat
U5 _Thbill = FPPT1:

Us_GDP_percentage.mjat (MAT File bl T Tkill = FPTL1:

EH Mame Value te_US_Tkill = date:

EH us_GDP_growth <210x1 double> ~mx (randn (10, 1), 1)
E-z—-f13/05/14 12:50 —-%

date_US_GDP <1x210 cell>
Simu] = launch CP AR Ca

lot (Simu.post_tau')

Navigator Command window orkspace with data



Introduction

How to run a program ?
* Open the program :
launch_AR_regression_with_Gibbs_sampler
* Comments to run the function are in green

* Copy and paste the first line without 'function' in the
command window

I:I?lx|

y=ir- = "T‘ Mew to MATLABT Watch this Video, see Demos, or read Getting Started.

MATLAR desktop keyboard shortcuts, such as Ctrl+5, are now customizable. A I s C The
In addition, many kevboard shortcuts have changed for improved consistency = |~

across the desktop. or.de

To customize keyboard shortcuts, use Preferences. From there, you can al.EAR
T

InSTead Of y : restore previous default settings by selecting "R200%a Windows Default Set pr'ocess
the data <«

b
o
—h
- -
>
o®

from the active settings drop-down list. For more information, see Help.

Click here 3 3 not want to see this message again. /

ﬁg *>> [Simu] = launch AR regression with Gibbs sampler I:US_GDP_QIDWTL'H,J.,J.C'C'G”

nb_ MCMC : 1000 iterations




Introduction

What is a structure ?
* Simu is a matlab structure containing many tables

1 FEEcF BEGINNING MLL COMPUTATION =*%%%*%*%
FEEEEEes Tmportance Samplimg =& s s s sow s
B e R R R R R R B R R R R R R R R R R Rr R R R B R R B R R R R R B R
Simua =
post_beta: [2x700 doukle] 4
posSt_sigma: [TO00x1 double] Command
betca ols: [Z2x1 double]
sigma cls: 0.6916 dat
post_mean beta: [2xl1 doublel ele
post_=std beta: [2x]l double] =
post_wvar_beta: [2x2 double] = ]
“tion b posSt_mean sSigma: [FTO00x1 double] ~dat
post_std_sigma: [700x1 doubkle] AR
MCMMC) post_like: [T00x1l doublel =-g—— 1
MLL HM: —253.2063 1S3
MLL Chilb: -—-269.7039
- plc
MLL IS: —263.6889 i
test_Geweke: [2xl double] [53
ClAS A - [1x1 struct] cls
¥: [209=x2 double] =lg-—= 1
L [S3
.f{ > | - el 111

* To access the matrix ‘post_beta’ :

—» Type in command window : Simu.post_beta






10

Gibbs sampler
ye = Bz +e

* The model
{ & ~ 1iid.N(0,0%)

* The prior distributions
B ~ N(By, Zo) 0° ~IG(IG,,IGY)

* Conditional posterior distributions : .

(S=[0 Y () + 551

m(0|Y1.7, 0 N(g,¥) < T

< ) A=2[0?) wy + Sg ol
t=1
T

m(0®|Yir,0) ~ IGUIG,+T/2,1G,+ > €/2)




Gibbs sampler

T T
g = <Zwt:c;>—1<2:ctyt)
MLE estimates

o = Z 5-’131;

t=1

* Initial values :

* Gibbs sampler :

/\

/6 ~ ‘Yl T, 0 2 ~ Oz‘leTa/B
—— /

Discard the first draws as burn-in period

Use the rest as a sample of the posterior distribution :

/690-2‘Y1:T

11
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Gibbs sampler
* Open the function : 6ibbs_regression_with_MLL

* Gibbs sampler of a simple regression

* Provide the marginal log-likelihood (MLL) estimated from
three different approaches (Chib, Importance sampling
and Harmonic mean)

— Harmonic mean : very bad estimate

* The prior distributions

Hyper- ¢ LWL Hyper-parameters of the variance
par‘ameTerIS Oﬁi 23 jf;;ﬂ Ni{beta 0,5igma 0)

54 TEETEEL LT E TR ATT LSS
the mean s- | 1eb-1;

o6 — IG a = 1:|

51— var uninformative = 100; %% We fix the wvariance of each beta equal to
parameTerS SH {betzﬂl = ZEros {dimen=sion, 1)

29 =
60 —

Sigma 0 = diag(ones(dimension,l)* (var uninformative)};
inv Sigma 0 = diag(ones(dimension,l)* i1,-’*.rar_'.1:11:1fr:|rrr.ati*.rej )



T = R = T T R N S = ST < = |

S
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Gibbs sampler

beta = beta ols; o
sigma = sigEa ols; } STGr'Tlng VGIUQS
iter = 1;
for i=l:nb MCHMC
progressbar (i/nb MCMC) ;

} Saving posterior draws

L LD

if{ixburn in)
beta post(:,iter) = beta;

Sigma post(iter) = sigma;
like post(iter) = (-T/2)*log(2*pi*sigma) - (yv-X*beta)'*(y-X*beta)/(2*sigma):
iter = iter +1;

IG post b MCMC = IG b + 0.5%*sum( (y-X*beta) ."2); Fir'ST bIOCk -

inv sigma = gamrnd(IG post a MCHC, _'L,-"IG_pcust_]::_I-IEI-ICJ :

sigma = 1/inv_sigma; the variance

Sigma cond = inv(inv sigma*Mat XX + inv Sigma 0): Flr‘ST blOCk -

ma cond = Sigma cond® (inv sigma*Vec Xy + inv Sigma O0*preta 0);

beta = mvnrnd (mu_cond, Sigma cond) '; 'l'he mean par‘ameTer'S



T = R = T T R N S = ST < = |

S
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Gibbs sampler

beta = beta ols; o
sigma = sigEa ols; } STGr'Tlng VGIUQS
iter = 1;
for i=l:nb MCHMC
progressbar (i/nb MCMC) ;

} Saving posterior draws

L LD

if{ixburn in)
beta post(:,iter) = beta;

Sigma post(iter) = sigma;
like post(iter) = (-T/2)*log(2*pi*sigma) - (yv-X*beta)'*(y-X*beta)/(2*sigma):
iter = iter +1;

IG post b MCMC = IG b + 0.5%*sum( (y-X*beta) ."2); Fir'ST bIOCk -

inv sigma = gamrnd(IG post a MCHC, _'L,-"IG_pcust_]::_I-IEI-ICJ :

sigma = 1/inv_sigma; the variance

Sigma cond = inv(inv sigma*Mat XX + inv Sigma 0): Flr‘ST blOCk -

ma cond = Sigma cond® (inv sigma*Vec Xy + inv Sigma O0*preta 0);

beta = mvnrnd (mu_cond, Sigma cond) '; 'l'he mean par‘ameTer'S
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Gibbs sampler

* Open the function : launch_AR_regression_with_6ibbs_sampler
In the command window, type :

[Simu] =
launch_AR_regression_with_Gibbs_sampler(US_GDP_growt
h,1,3000,1)

* The data : US_GDP_growth
* AR order : 1

* Nb MCMC iterations : 3000
* Convergence Graphics : on



* Graphics :

Gibbs sampler

Empirical correlations between MCMC draws

Sample ACF of 6°

L

Variance

=
E
o

08-
S04

A mrrmrnlm T Trtraede Mt "'""T["V"“'I‘LI[““’&'TI“%‘LTM
;llll]llu“xpu Iy a“u o "i““\l‘ o “l Tl tgtet

02

0

20 40 60 80 100 120 140 160 180 200

16
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Gibbs sampler
* Graphics : Empirical std of

Cumsum plots of the two mean parameters the parameter

Cusurm plot of the randorm variable nurmber ;1 1 Cusum pof o the random varizble number - 2 \
1 T T T T T T T T

iE] - L 1 Z Y
e CS; = (—,26’3 — myg)/sg
o I /
o Y ]
I | Empirical mean of

the parameter

- - Ot
N \ | -02}"/\//\\/\"’\

04k i 04 v
Smooth convergenceito zero
_D‘ED SDID TDIDD 15‘00 2DIDD 200 -060 560 1060 15|00 2060 2500 OS N — 0



Gibbs sampler

* Geweke's test of MCMC convergence :
Comparison of two empirical means well separated

In the command window :
Simu.test_Geweke

— Test for each mean parameters and return
zero if the hypothesis is not rejected at 95%

- A DT Sl LIl T ST &)
>» =met(gca, "fontiSize'  20)
>> Simu.test Geweke

ans =

0
» [ Convergence

b=
v
W
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Gibbs sampler

* Results :
plot(Simu.post_beta')

mean(Simu.post_beta')= 0,50 ; 0,32
std(Simu.post_beta') = 0,08 ; 0,06

Marginal distribution

of the variance

plot(Simu.post_sigma')

mean(Simu.post_sigma')= 0,70
std(Simu.post_sigma') = 0,07




M

<

M

* Harmonic mean : not reliable

. HM
_ Chib

_ IS

AR(0)

-274,16
-279,12
-279,12

AR(1)
-259,89
-269,7
-269,7

AR(2)

-256,36
-269,71
-269,71

Gibbs sampler

* Testing for the order of the AR process :

* Launch several times the program with different # of lags
* Compare the MLL obtained from the different simulations

AR(3)

-257,16
-273,72
-273,72

20

AR(4)

-254,75
-275,46
-275,46

* Same Estimates from the local and the global formula



MH sampler

* Open the function : MH_regression_with_MLL

* MH sampler of a simple regression

* Provide the marginal log-likelihood (MLL) estimated from
three different approaches (Chib, Importance sampling
and Harmonic mean)

* Running an estimation of AR model with MH sampler :
launch_AR_regression_with_6ibbs_sampler

21



Gibbs sampler

* Adaptation of the proposal distribution
(Atchadé and Rosenthal (2005) )

ii — S'L'—l + (éi_l o ¢ta,rget)/(ic) if ELow < iz < ZJH'L’gh

140

141 - for g=l:dimension4tl

142 - adapt rate(g) = max(min max var(l),adapt rate(g) + {accept_rate{q]fi - 0.45)/(i%eta));
143 - 1 (adapt rate(g)>min max var(2))

144 - adapt rate(q) = min max var(2);

145 - end

HE e qbtarget

22



23

Comparison Samplers

« AR(1)
Gibbs sampler Metropolis-Hastings

Mean= 0,50 ; 0,32 Mean =051:0,32
Std = 0,08 ; 0,06 Std =0,07 ;0,06

Acceptance rate :
45 % .44 % ;45 %
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MH sampler

* Testing for the order of the AR process :

* Launch several times the program with different # of lags
* Compare the MLL obtained from the different simulations

AR(O)  AR(1) AR(2) AR(3) AR(4)
MLL Chib (MH) -279,12 -269,7 -269,71 -273,72 -275,46
MLL Chib (Gibbs) -279,12 -269,7 -269,71 -273,72 -275,46

Same Estimates from Gibbs or MH samplers

Marginal likelihood depends on the prior!
* Test the order of the AR process with different priors



GARCH estimation by MH MCMC

* Change the directory and go to GARCH_with_MH

* Import financial data by clicking on
SP500_percentage_returns.mat

* Main matlab program MCMC_G6ARCH_RW

Estimate a GARCH(1,1) model with
* non adaptive RW
* adaptive RW
Inputs:
* Y : financial time series (here SP500)
* nb_ MCMC : number of MCMC iterations
* RW_step : Variance of the proposal distribution
* Graph : Convergence graphics

25



GARCH estimation by MH MCMC

* Choose a RW variance gnd run the program

- [Simu] = MCMC_GARCH_RW(SP500,5000,0.1)

Accept. Rate : 1%

— ey

0 I— i —— ey’ T T —
0 500 1000 1500 2000 2500 3000

* Focus on parameter 5 in o

0.95- 4
0.9

y ,_'_J—Fr_r_’_,m/\—l“’—'_\’___/__;
0 80 560 1 dOO 1 5‘00 ZdOO 2560 SObO 3500

2 _
;=

Accept. Rate : 44%

=P, e, o™
? Y . T -t

w+ ay; 1+ Bo;_4

26



Change-Point AR models

27
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CP-AR models with CGS

* Change the directory and go to CP_models_with_C6S
* Import data by clicking on US_GDP_percentage.mat

* Main matlab program
6ibbs._regression_Carlin_6elman_Smith
* Estimates a CP model with 2 regimes using CGS's algorithm
Inputs:
* Y i a time series (here US_GDP_growth)

* X : explanatory variables
* nb_MCMC : number of MCMC iterations

* Program for estimating a CP-AR(q) model
Launch_CP_AR_Carlin_6elman_Smith
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CP-AR models with CGS

* Run an estimation of a CP-AR(1) model

[Simu] =
launch_CP_AR_Carlin_&elman_Smith(US_6DP_growth,1,5000)
plot(Simu.post_tau') plot(Simu.post_sigma')

* Great moderation
* Not a symmetric distribution
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CP-AR models with CGS

* Run an estimation of a CP-AR(1) model
[Simu] =
launch_CP_AR_Carlin_6&elman_smith(US_6DP_growth,1,5000)

plot(Simu.post_tau')

200} i T T T T .
a- J
1801 il
160+ il 3
140 B
2,_ -
120+ .
100 1H i
80+ . i
1] ! -
680 B :
i
40+ . A
20+ .
2+ 4
| | | | | | Ly | L L
0 500 1000 1500 2000 2500 3000 3500 1967Q2 1975Q2 az

E(c?|Y1.7)~ 1.11  E(0o5|Y1.7) ~ 0.34
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CP-AR models with Chib

* Change the directory and go to CP_models_with_Chib
* Import data by clicking on US_GDP_percentage.mat

* Main matlab program &ibbs_regression_chib

* Estimates a CP model with k regimes using Chib's algorithm

Inputs:
* Y i atime series (here US_GDP_growth)
* X : explanatory variables
* Regime : number of regimes
* nb_ MCMC : number of MCMC iterations
* MLL_computation : =1 if MLL must be estimated



CP-AR models with Chib

* Main matlab program 6ibbs_regression_chib

* Estimates a CP model with k regimes using Chib's algorithm
* Matlab program launch_CP_model_estimations

* Estimates CP-AR models from one up to k regimes

Inputs:
* Y i atime series (here US_GDP_growth)
* AR_lags : The order of the AR process
* upper_bound_regime : Max. considered number of regimes
* nb_ MCMC : number of MCMC iterations

32



CP-AR models with Chib

* Run an estimation of CP-AR(1) models from one to 3 regimes

[Simu MLL] = \F ¢
launch_CP_model_estimations(US_6DP_growth,1,3,10000)

i

* Two regimes nb_MCMC
Griddy-6ibbs Chib

33



Gibbs sampler
Yy = B, Tt + €

* The model { ,
€t v lldN(O, O'St)

* The prior distributions
Bi~N(Bo,%0) Vie[1,K+1] and o7 ~IG(IG,,IGy)Vie€ [1,K + 1]

Transition prob. From ito i: pii ~ Beta(oy, Bp)
P(St — St—l‘st—lap) — pst_l,st_l

Trans. State : {
P(si =81+ 1sg-1,P)=1—ps, .5, ,VS:_1 € [1, K]

34



* The model

Gibbs sampler
Yo = Bl x+ e
e ~ ii.d.N(0,02)

Priors in the program : Gibbs_regression_chib

T

70
71
72
73
74
75
76
77

o

-]
[T=E T LS R S = R ¥ |

=1 &

o o O O oo O o o
[e] i3]

[N

R L L L L L L L L L L L L L L L £
333¥% S5et the Hyper-parameters

R L L L L L L L L L L L L L L L £

%%% Prior :

%% beta 1 ~ N(beta 0,var uninformative)

~ G{a,b)

R R R R R T R e R e R R R R R R TR e e e e

var uninformative = 10; %% We fix the wvariance of each beta ggual to var u

beta 0 = zeros(dimension,l);

inv S5igma 0 = diag(unes(dimensinn,l]#(lfvar_uninfnrmativejj; Kgi Y év (ﬁ?oj Ej())
det inv Sigma 0 = det(inv Sigma 0):

%%% hyper-parameters for the variances

IG b = 1;

=} 02~ IGUG,, IG)

%% hyper-parameters for each probability of staying in the =same regime

T pu ~ Beta(ay, 8,)

35
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Forward-Backward

* Gibbs Step : SI:T|YI:T3 /81: ceey /BK—I—la O-%a LS J%{-Fl? P
Program for sampling a state vector : Forward_Backward

Two steps :
1) Compute the forward prob.  f(s:|Y1.4)Vt € [1,T]
2) Sample a state using the decomposition
w(S1.7|Yi.7) = n(sp|Yi.7)7(sr_1|Y1.1, s7)... (51| Y1.77, S2.7)

74

75

Th s E e e e e e e e e e e e e e R e

77 %% Backward al ithm Sampll a Ertatce e

T8 s E L Lt e L R e e e e e L L R R L e e e L L R R L E L L L

74 sn = zeros=s(T,1); }/ f; }/

&0 sn(T) = regime; W(St| 1:71" t-l—l:T) X f(8t| 1:T)f(8t+1‘3t)
g1 for t=T-1:-1:1

etat_fut = sn(t+l):

back = forward(t,:)".*Pi:,etat fut):
back = back/sum(back) :
snit) = maltinomialrnd(back):

en

oo o O G o o
JLE TR N = N ) B O L I (8



37

Marginal likelihood

* Local formula : ‘
Likelihood (by F-B) Priors
A

A
/ * * 2,* 2,* *\/ * * 2,* 2,* *
f(YliT‘Bla"'ang+1ﬂo-1 a"'aO-K_|_1aP )f(ﬁla"'a/BK+1ao-1 a"'aO-K+17P )

f(leT) —

2, 2,
T(BYs s Brci1,01 o O qs P*Y17)

* Third term :

1 2
2 2 2 2

7B Bic 1,08 s 0% PYir) = (P Yag)m(ot", 0%y [ P*, Vi)
2 2

W(ﬁf,...,ﬁ}k{+1‘01’;, "'aUK’ilaP*aylzT)

1) W(P*‘YLT) — /W(P*‘leTaSl:T)Tr(Sl:T‘leT)dslzT
N

1 .
m(P*[Yi.r) ~ N ZW(P*\leT,Si;T)
i—1
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Marginal likelihood

2) W(Jf,* I K—|—1|P* Yl T) — /’H’(O’%’ RERS K+1|P* 513 :BK—I—laslzTaylzT)
W(Sl;T,ﬁl,...,5K+1|P*,Yl;T)dSl;Tdﬁl-..dﬁK+1
1 - * 7 7
~ G_l Z’}T(O’%’ y ooy K_|_1|P /817 .. 7ﬁK—i—l?Sl:T?Y1:T)
=1

/

* Run an auxiliary MCMC with fixed P*

3)7{-([3;3 6K+1|P* 0-1 VIRRED K_|_]_3Y1T) — /W(/6T9°°°5/8;{—|—1|SI:T90_%*7“ O-?(:_laYIT)

(51T|P* 01 y ey K+17Y1T)d81T

= Gzzwﬁl,.- Bicarl St 07" 0, Yar)

* Run second auxiliary MCMC with fixed P*,07", ..o,
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Model selection

* Run an estimation of CP-AR(1) models from one to 3 regimes
[Simu MLL] =
launch_CP_model_estimations(US_6DP_growth,1,3,10000)

Uninformative prior :
Bi ~ N(0,10001,) o, %~ G(0.01,100)  pi; ~ Beta(0.5,0.5)

(/

#Regime 1 2 3
MLL -27557  -269.25  -275.10
Informative prior :
Bi ~ N(0, 1) o; % ~G(1,1) pi; ~ Beta(0.5,0.5)
#Regime 1 2 3

MLL -265.28 -24996  -243.52



Model selection
* Choose your prior according to 'your break sensitivity'

* Or use another criterion such as the predictive likelihood

— Less impacted by the prior distributions

f(Yi1.r|Yie) (f];((i;llf))

No prior distributions! £\ £( 0% *
fYr|0F)f(0%)  7(0% Y1)
I -
mpact through the (0 Vr)  F(1a 10 £ (67)

posterior T~ [(Yur]0*) (0" Y1)
f(Y1.4|0%) m(6*|Y1.7)

40
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